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Abstract 

We investigate the mixed Dirichlet-Neumann boundary value problems for 
the Laplace-Beltrami equation on a smooth bounded surface C with a smooth 

boundary in non-classical setting in the Bessel potential space ffifC) for s > -, 

p 

1 < p < oo. To the initial BVP we apply a quasi-localization and obtain a 
model BVP for the Laplacian. The model mixed BVP on the half plane is 
reduced to an equivalent system of Mellin convolution equation (MCE) in 
Sobolev-Slobodeckii space (potential method). MCE is ivestigated in both 
Bessel potential and Sobolev-Slobodeckii spaces. The symbol of the obtained 
system is written explicitly and is responsible for the Eredholm properties and 
the index of the system. An explicit criterion for the unique solvability of the 
initial BVP in the non-classical setting is derived as well. 
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Introduction and formulation of the problems 

Let iS C be some closed orientable surface, bordering a compact inner ff’*' and 
outer := \ f2+ domains. By C we denote a subsurface of S, which has two 

faces C~ and C~^ and inherits the orientation from S: borders the inner domain 

fl’*' and C~ borders the outer domain C has the smooth boundary L := dC, 
which is decomposed into two closed parts T = U Ljv, consisting each of hnite 
number of smooth arcs, having in common only endpoints. 

Let iy{oj) = ^' 2 ( 1 ^), ^' 3 ( 1 ^))''^, a; G C be the unit normal vector held on the 

3 

surface C and I'jdj be the normal derivative. Let us consider the Laplace- 

Beltrami operator in C written in terms of the Gunter’s tangent derivatives (see 
|20l[IHll22] for more details) 

Ac:=Vl + Vl + Vl Vj := dj - J = 1,2,3. (0.1) 

Let ^'r(^) = , f G L, be the unit normal vector held on the 

boundary L, which is tangential to the surface C and directed outside of the surface. 

3 

And, hnally, let := be the normal derivative on the boundary of the 

surface, which is the outer tangential derivative on the surface. 

We study the following mixed boundary value problem for the Laplace-Beltrami 
equation 


^cu{t) = f{t), 

t eC, 


= 9{r), 

r G F^,, 

(0.2) 

(a^.j,M)+(r) = h(r). 

T G Fat. 



where u~^ and {du^u)~^ denote respectively the Dirichlet and the Neumann traces on 
the boundary. 

We need the Bessel potential IHIp(5), IHIp(C), IHIp(C) and Sobolev-Slobodeckii 
Wp(r) spaces, where 5 is a closed smooth surface (without boundary), which con¬ 
tains C as a subsurface, l<p<oo, l<s<l — 1. The Bessel potential space 
]HIp(M”) is dehned as a subset of the space of Schwartz distributions S'(M"') endowedp 
with the norm (see |39] ) 


n|e;(M-)||:=||(Zl)*nlL,(M-)||, 


where {D)^ := ^(1 -|- |,^p) 2 j^ is the Bessel potential and T ^ are the Fourier 

transformations. For the dehnition of the Sobolev-Slobodeckii space Wp(M”') = 


2 


see [39]. The space Wp(5) coincides with the trace space of EIp'''^(M^) on 
S and is known that W®(5) = EI^(5) for s > 0, 1 < p < cxd (see [39]). 

We nse, as common, the notation EI^(iS) and W^(5) for the spaces ]HI|(iS) and 
'W^iS) (the case p = 2). 

The spaces IHIp(5) and Wp(5) are dehned by a partition of the nnity 
snbordinated to some covering of S and local coordinate diffeomorphisms 

(see [391 El] for details) 

>Cj Xj —>■ Yj , Xj C , j = 1 ,..., 


The space IHIp(C) is dehned as the snbspace of IHIp(5) of those fnnctions ip G 
]HI®(iS), which are snpported in the closed snb-snrface snppp C C, whereas IHIp(C) 

denotes the qnotient space IHIp(C) := IHIp(5)and := C \ C is the com¬ 
plemented snb-snrface. For s > 1/p — 1 the space IHIp(C) can be identihed with the 
space of those distribntions <p on M” which admit extensions ip G ]HIp(iS), while 
]HIp(C) is identihed with the space rc]HIp(5), where rc denotes the restriction from S 
to the snb-snrface C. 

It is worth noting that for an integer m = 1, 2,... the Sobolev spaces ]HI^(5) and 
W™(5) coincide and the eqnivalent norm is dehned with the help of the Giinter’s 
derivatives (see [mEHlEQ]): 


ll«lW7(5)||: = 

5^ ||P”'«|L,(S)||'’ 


a\^m 


where := 


and the Giinter’s derivatives are dehned in (0.1). 

Let us also consider Hq ^(C), a subspace of ]HI“^(C), orthogonal to 


m^\C) := {f eM-\C) : (/,p) = OforallpGGo'(C)}. 


]HIp^(C) consists of those distributions on S, belonging to El ^(C) which have their 
supports just on T and ]HI“^(C) can be decomposed into the direct sum of subspaces: 


e-'(C) =ef^(C) ©eo^(C). 

The space ]HIb^(C) is non-empty (see [271 § 5.1]) and excluding it from ]HI“^(C) is 
needed to make BVPs uniquelly solvable (cf. [27[ and the next Theorem 0.1). 

The Lax-Milgram Lemma applied to the BVP (0.2) gives the following result. 


Theorem 0.1 (Theorem 14, 

solution in the classical weak setting: 


and § 5.1, |^j) The BVP {0.2) has a uniqu^ 
uEm\C), feUYiC), h G H-^/^^Pat). (0.3) 
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From Theorem 10.11 we can not even conclnde that a solntion is continnons. If 
we can prove that there is a solntion u G IHIp(C) for some 2 < p < oo, we can enjoy 
even a Holder continnity of u. It is very important to know maximal smoothness 
of a solntion as, for example, while designing approximation methods. To this end 
we will investigate the solvability properties of the BVP (0.2) in the following non- 
classical setting 


uem;{C), gew;-^/p{T), h (0.4) 

1 < P < CX), 


1 

s > - 

p 


and hnd necessary and sufficient conditions of solvability. Note, that the constraint 
s > - is necessary to ensnre the existence of the trace on the bonndary. 

p 

To formnlate the main theorem of the present work we need the following deh- 
nition. 


Definition 0.2 The BVP (0.2), (0.4) is Fredholm if the homogeneous problem 
f = g = h = 0 has a finite number of linearly independent solutions and only a 
finite number of orthogonality conditions on the data /, p, h ensure the solvability of 
the BVP. 

We prove below the following theorem (see the conclnding part of § 5). 


Theorem 0.3 Let 1 < p < oo, s > -. 

P 

The BVP (0.2) is Fredholm in the non-classical setting (0.4) if and only if: 


p 7 ^ 2 or p = 2 and s 7 ^ - -f fc. 


for 4 = 0,1, 2, 


(0.5) 


In particular, the BVP (0.2) has a unique solution u in the non-classical setting 

(PI) ^f 


1 3 
- < s < 

2 2 ’ 


1 < p < CX). 


( 0 . 6 ) 


Note, that conditions (0.5) and (0.6) are independent of the parameter p. 


The proof of the foregoing Theorem 0^ in § [^ is based on the Theorem OH and 
Theorem 10.51 

Theorem 0.4 Letl < p < 00 , s > -. Let go G Wp~^'^^(r) and ho G 

p 

be some fixed extensions of the boundary data g G Wp ^'^^(T £,) and h G Wp ^ ^'^^(Ttv) 
(non-classical formulation), initially defined on the parts of the boundary T = T ^ U 
Tat. 
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A solution to the BVP (0.2) is represented by the formula 


u{x) = Ncf{x) + Wr{go + - Vr{ho + ^o)(^), a' e C. (0.7) 

Here Nc, Wr and Vr are the Newton’s, double and single layer potentials, de¬ 
fined below {see (1.5)) and ipo, fjQ in (0.7) are solutions to the following system of 
pseudodifferential eguations 


-(^0 ~ Tj^WT,oPo + r nV r-ifo — Go 


on r TV, 

^fo + rDWlofo-rDVr,+ig:}o = Ho on Td, 

ipo e wr'/'’(rTv), fo e 

Go e wr'/'’(rTv), Ho e wr'"'/'’(rD), 

where Go and Hq are given functions and the participating pseudodifferential oper¬ 
ators are defined (1.13) in% 1 below. 


( 0 . 8 ) 


(0.9) 


Vice versa: if u is a solution to the BVP (0.2), g := rou'^, h := rj< 4 {di,u)^ and 
go e Wp ^^^(Ftv), ho G Wp ^ are some fixed extensions of g anf h to F, 

then tpo := rYjj{u'^ ~ go), fo '■= ~ ^o) solutions to the system ( 0 . 8 ). 

The system of boundary pseudodifferential eguations (0.8) has a unigue pair of 
solutions ipo ^ W^/^(Ftv) and fo ^ W“^/^(F d) in the classical setting p = 2, s = 1. 

The proof of Theorem 10.41 is exposed in § fT| 

— 1 

For the system (0.8) we can remove the constraint s > - and prove the following 

p 

result for arbitrary r G M. 

Theorem 0.5 Let 1 < p < oo, r > —1. 

The system of boundary pseudodifferential eguations (0.8) is Fredholm in the 
Sobolev-Slobodeckii space setting 


(PoGW^(Ftv), V’oew^-HFD), 
GoGW;(Ftv), HoeWl-\TD) 

and also in the Bessel potential space setting 

h^ho^ifo &^p{Vn), g,go,f’o^^p~^{^D) 

Go G e;(FTv), Ho G 

if the following condition holds: 

p 2 or p = 2 and r 7 ^ 0 , 1 , 2 ,.... 


( 0 . 10 a) 


( 0 . 10 b) 


( 0 , 11 ) 
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In particular, the system (0.8) has a unique solution in both settings (0.10a) and 
dOloB if: 


1 < p < oo, 


—1 < r < 0. 


( 0 . 12 ) 


The proof of the foregoing Theorem 0^ in § [^ is based on the auxiliary Theorem 
121 To formulate the theorem consider the following model system of boundary 
integral equations (BIEs) 


^{t) + K\ilj{t) = G{t), 
m + K\Mt) = H{t), 


where 


1 r 

KlAt) ■■= - / 

^ Jo 


v{T)dT 


t e M+, 

G, H e W*-‘-‘'''’(R+), 

-TT < arg c < 7T^ a € Lp(M’*') 


(0.13) 


(0.14) 


t + cr ’ 

is a Mellin convolution operator with the kernel homogeneous of order —1 (see 

dH [a dSl [13]). 

Theorem 0.6 Let 1 < p < oo, r > —1. 

The system of boundary pseudodifferential equations (0.8) is Fredholm in the 
Sobolev-Slobodeckii (0.10a) and Bessel potential (0.10b) space settings if the sys¬ 
tem of boundary integral equations (0.13) is locally invertible at 0 in the Sobolev- 
Slobodeckii 


ipA eWp 

and the Bessel potential space 

V' e Sp 

settings, respectively. 


r —1 / 


r—1 / 




■), 


G,HeWp 


r—1 / 


■) 


G,HeMp 


r—1/ 


(0.15) 


(0.16) 


Remark 0.7 Theorem 0^ is proved at the end o/§ 1. For the proof we apply 
a quasi-localization of the BVP (0.2) with some model BVPs on the half space (see 
Lemma 1.5 and Lemma 1.6). The constraint r > —1 is due to this approach, since 
the boundary value problems are involved. 

In a forthcoming paper will be proved directly the local quasi-equivalence of the 
equation (0.8) and the system (0.13) at the points where the Dirichlet and Neumann 
boundary conditions collide and some simpler equations, which are uniquely solvable, 
at all other points. Then the constraint r > —1 can be dropped and replaced byrER. 


Correspondingly, Theorem 0.5 is also valid for all r G 
acquires the form 

p f 2 or p = 2 and r 7 ^ 0 , ± 1 , ± 2 , 


and the condition ( 0 . 11 ) 
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A quasi-localization means ’’freezing coefficients” and ’’rectifying” underling con¬ 
tours and surfaces. For details of a quasi-localization we refer the reader to the pa¬ 
pers [3H] and |1], where the quasi-localization is well described for singular integral 
operators and for BVPs, respectively. We also refer to [ISl § 3], where is exposed a 
short introduction to quasi-localization. 

In the present case under consideration we get 3 different model problems by 
localizing the mixed BVP (0.2) to: 


1 Inner points of C. 

2 Inner points on the boundary P d and Pat. 

3 Points of the boundary P where different boundary conditions collide (end¬ 
points of Pat and Pd)- 


The model BVPs obtained by a quasi-localization, are well investigated in the 
hrst two cases and such model problems have unique solutions without additional 
constraints. In the third case we get a mixed BVP on the half plane for the Laplace 
equation (cf. (1.17) below). The system (0.13) is related to this model mixed 


problem (1.17) just as BVP ( |0.2 ) is related to the system (0.8) (cf. Lemma |1.6 
below). 

The investigation of the boundary integral equation system (0.13) is based on 
recent results on Mellin convolution equations with meromorphic kernels in Bessel 
potential spaces (see R. Duduchava PI. R. Duduchava and V. Didenko [8]). 

The symbol By^iS) of the system (0.13) is a continuous function on some inhnite 
rectangle 9^ and is responsible for the Fredholm property and the index of the system. 
This provides necessary and sufficient conditions for the Fredholm property of (0.13) 
which is then used to prove the solvability of the original BVP in the non-classical 
setting. 

A rigorous analysis of solvability of the above and similar problems with Dirich- 
let, Neumann, mixed and impedance boundary condition for the Helmholtz and 
other other elliptic equations are very helpful for a general understanding of elliptic 
boundary value problems in conical domains (see |2Sl EHl ES] ) • 

In [23| 121] the authors suggest another approach to the investigation of the 
model mixed problem for the Helmholtz equation: they write explicit formulae for 
a solution with two different methods. But the setting is classical only (the case 
p = 2) and the approach can not be applied to the non-classical setting. Other 
known results are either very limited to special situations such as the rectangular 
case [61I71E5] or apply rather sophisticated analytical methods [291 113] , or are 
missing a precise setting of appropriate functional spaces (see, e.g., [SIIID]). For 
the historical survey and for further references we recommend lassisi]. 

There is another approach, which can also be applied is the limiting absorption 
principle, which is based on variational formulation and Lax-Milgram Lemma and 
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its generalizations. Such approach is presented, e.g., in lamiE]. But again, these 
results are for the classical setting. 

In 1960s there was suggested to solve canonical diffraction problems in Sobolev 
spaces, based on the recent development in pseudodifferential equations in domains 
with corners and, more generally,with a Lipschitz boundary. It was popularized 
by E. Meister [32l [33], E. Meister and F.-O. Speck |3l], W.L. Wendland |12], A. 
Ferreira dos Santos |37] and their collaborators in the 1980s. Also see the book of 
Vasilev [H] with a considerable list of references. The results are also restricted to 
the classical setting. 


1 Potential operators and boundary integral equa-| 
tions 


Let iS be a closed, sufficiently smooth orientable surface in M"’. We use the notation 
Xp(5) for either the Bessel potential IHIp(iS) or the Sobolev-Slobodeckii Wp(iS) spaces 
for S closed or open and a similar notation ^p{S) for S open. 

Consider the space 

:= {<p ex;{s) : (^,1)=0}, (1.1) 

where (•,■) denotes the duality pairing between the adjoint spaces. It is obvious, 
that does not contain constants: if Cq = const G Xp^^{S) than 

0 = (co, 1) = Co(l, 1) = Comes 5 


and Co = 0. Moreover, Xp(5) decomposes into the direct sum 

X;{S) = X;^^{S) + {const} (1.2) 

and the dual (adjoint) space is 


(x;,^(5))* = x;4(5). 


p 


p 

p — 1 


The following is a part of Theorem 10 proved in |22j . 


(1.3) 


Theorem 1.1 Let S be i-smooth i = 
Xp^^{S) be the same as in (1.1)-(1.3). 

The Laplace-Beltrami operator Ag : = 
with detached constants 


1, 2,..., 1 < p < cx) and |s| ^ i. Let 
div^V^ is invertible between the spaces 


As : X-+,‘(5)^X-‘(5), 


(1.4) 


i.e., has the fundamental solution ICs in the setting (1.4). 






Let C C 5 be a subsurface with a smooth boundary L := dC. With the funda¬ 
mental solution ICs of the Laplace-Beltrami operator at hand we can consider the 
standard Newton, single and double layer potentials on the surface C\ 


(1.5) 


Ncv{x) := j lCs{x,y)v{y) da 
Vrv{x) := j }Cs{x,T)v{T)dT, 

VFrn(a;) := J d,^^(r)JCs{x,T)v{T)dT, x G C. 

The potential operators, dehned above, have standard boundedness properties 


Nc : 

Vr : '(( 

Wr : HJ,,(r)^Hy/(C) 


and any solution to the mixed BVP (0.2) in the space IHI^(C) is represented as 
follows: 


u{x) = Ncfix) + Wru+{x)-Vr[d^^u] + {x) n G e^(C), xgC (1.6) 


(see [211 [nj). Densities in ( |1.6[ ) represent the Dirichlet and the Neumann [di,-^u\^ 
traces of the solution u on the boundary. 

Since = X®^^ -|- {const}, we can extend layer potentials to the entire space as 
follows: 


for If = ipo + c, ipo e Xp_^, c = const, 
we set WrV? = Vr</5o + c, Wy^ = Wy^o + c^ Nc^ = Nc^q + c^ 
i.e., by setting Vrc = Wyc = cNcc = c. 


(1.7) 


Lemma 1.2 The representation formula (1.6) remains valid for a solution in 
the space ]HI^(C), provided the potentials are extended as in (1.7). 

Proof: Indeed, since u = uq + c, uq E ]HIp^^(C), u G IHIp(C), we apply the represen¬ 
tation formula (1.6) for a solution in the space ]HI}t(C), formula (1.7), and get the 
representation formula (1.6) for a solution in the space ]HI^(C): 


u{x)=uo{x) + c = Ncf{x) -h Wru^ix) - Wr[5iyr“o]’^(a^) + c 

= Ncf{x) + Wriu - c)+{x) - Vr[d^^{u - c)] + (x) -f- c (1.8) 

= Ncf{x)+ Wru+{x)-Vr[d^^u]+{x), n G H^C), xeC. ° 


9 









Proof of Theorem 0.4 Let us recall the Plemelji formulae 


1 


{Wrv)^{t) = ±>(t) + Wr,ov{t), {t) = Vr,+iv{t), 


{d.rVrv)^it) = T^v{t) + Wl,v{t), (Vry^it) = Vr,-Mt), 


where t G dfl^ and 


(1.9) 


Vr-iv{t):= J )Csit,T)v{T)dT, 

Wrfiv{t):= j {d^^(^r)}Cs){t,T)v{T)dT, 

Wl^Qw{t):= J (a^j,(t)/C5)(t,r)w(r)dr, 

Vr,+iw{t):= J {d^,^i^t)d„^{T))Cs){t,r)w{T)dT, 


( 1 . 10 ) 


ter, 


are pseudodifferential operators on L, have orders —1, 0, 0 and +1, respectively, 
and represent the direct values of the corresponding potentials Vr, Wr, d,j^V y 
and Ou^Wy- 

Let go e Wp~^'^^(r) and ho e Wp~^~^^^(r) be some fixed extensions of the 
boundary conditions g e Wp ^^^(L o) and h e Wp ^ ^'^^(Lat) (non-classical for¬ 
mulation), initially defined on the parts of the boundary L = L^) U Fat. Since 
the difference between such two extensions belong to the spaces Wp ^^^(Fa?) and 
Wp ^ ^^^(F £)) respectively, let us look for two unknown functions (po G Wp ^'^^(Fat) 
and 'ijjo £ Wp ^ ^^^(F d), such that for go + ipo and ho -|- V'o the boundary conditions 


in (0.2) hold on the entire boundary 


u^{t) = 9o{t) + ^o{t) = 


{d„^u)+{t) = ho{t) + V^o(t) = 


9{t) 


if teVo, 


5'o(t) + V3o(t) if feFAT, 

ho(t)+^o(f) if feF^i, 


( 1 . 11 ) 


h(t) 


if t e Fat, 


provided f u{x) is a solution to the BVF 


By introducing the boundary values of a solution (1.11) to the BVF (0.2) into 


the representation formula (1.8) (see Lemma [L^ we get the following representation 
of a solution: 


u{x) = Ncf{x)+ Wy[ 9 o +V^olix)-VY[ho + i>o]ix), xeC, (1.12) 
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where 


9o e 


ho e <^0 e W!-i/^(r^), V'o e 


By applying the Plemelji formulae (1.9) to (1.12) and taking into account (1.11) 
we get the following: 


go{t) + ^o{t) = u+{t) = {Ncfy + -{go{t) + (fo{t)) 

+r,o [go + V^o] if) —Vr-i [ho + ■^o] (t), 
hof) + 'ipof) = {d^j,u)^f) = {d^^Ncf)"^ + Vr,+i[go + ^o]{t) 

'h^^foit) + '0o(^)) ~ ^r,o[^o + '4’o\{t)^ f G r. 


If we apply the restriction operator to to the hrst equation in the obtained 
system and the restriction operator to to the second one, we obtain the 
system (0.8), where 


Go ■— rjsi 
Ho := rn 


{Ncf)^ — ^fi'o + hI^r,o5'o — T^r,-iho 


G 


fN), 


(5.r^c/)+ - 2^0 + Vr,+igo 


W*ho 




(1.13) 


Thus, we have proved the inverse assertion of Theorem 0.4 if k is a solution to 
the BVP (0.2), the functions (po and V’o are solutions to the system (0.8). 

The direct assertion is easy to prove: 


The function in (1.8) represented by the potentials, satishes the equation (0.2). 


If (fo and i/jq are solutions to the system (0.8), using Plemelji formulae (1.9) it 
can easily be verihed that u in (1.8) satishes the boundary conditions in (0.2). 


The existence and the uniqueness of a solution to the BVP (0.2) in the classical 
setting (0.3) is stated in Theorem 0.3, while for the system (0.8) it follows from the 
equivalence with the BVP (0.2). □ 

The remainder of the paper is devoted to the proof of solvability properties of 
the system (0.8) in the non-classical setting (0.4). 


Consider the following equation on the 2-dimensional Euclidean space 


Au = f 

also the model Dirichlet 


on 


u G MHRf, f G 


Am( 2 :) = fo{x), 

= go{t), 




X G 

(€ SRi = 


(1.14) 


(1.16) 
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the model Neumann 


Au{x) = /o(x), 
-{d 2 u) + {t) = ho{t), 

and the model mixed 

Au{x) = /i(x), 

= gi{t), 

-{d 2 uy{t) = hi{t), 


X G 




t G dRl = 


(1.16) 


X G 




t G M := {—oo, 0), 
t G M+ := (0, cx)), 


(1.17) 


boundary value problems for the Laplace equation on the upper half plane 
M X M+, where di,^ = —82 is the normal derivative on the boundary of Mi. 


The BVPs (1.15) and (1.16) will be treated in the non-classical setting: 


/o G e;-2(M^) n eo-'(M^), go g 


ho G 


1 < p < 00, 


1 

s > - 
P 


(1.18) 


/, e Hy"(Ep n H„-'(Ep, 9, e Wp 




and the BVP (|1.17|) will be treated in the non-classical setting: 

), hi G Wp 
1 < p < 00 , 


s—1—1/p 


(M+), 


1 

s > -. 

p 


(1.19) 


Proposition 1.3 The BVPs (1.15), (1.16) have unique solutions in the setting 


(1.18) and the Laplace equation in the setting (1.14) has a unique solution as well. 

Proof: The assertion is a well-known classical result, available in many textbooks 
on partial differential equations (see e.g. 123). □ 

As a paticular case of Theorem 0.1| (can easily be proved with the Lax-Milgram 
Lemma) we have the following. 


Proposition 1.4 The mixed BVP (1.17) has a unique solution u in the classical 
weak setting 

u G fi G io ^(K+), 9i e ei/2^M+), hi G 

Lemma 1.5 The BVP (0.2) is Fredholm in the non-classical setting ( |0.4 ) if the 
model mixed BVP (1.17) is locally Fredholm (ie., is locally invertible) at 0 in the 
non-classical setting (1.19). 
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Proof: We apply quasi-localization of the boundary value problem (0.2) in the 


more general non-classical setting (0.4), which includes the classical setting (0.3) 


as a particular case (see HE]) for details of quasi-localization of boundary value 
problems and also PI2S1EBI for general results on localization and quasi-localization. 
By quasi-localization at the point cu G C we hrst localize to the tangential plane 
(tangential half plane M^(a;)) to C at a; G C (at a; G F = dC, respectively). 
The differential operators remain the same 




i=i 


3 3 

di, = ~ 

i=i i=i 


( 1 . 20 ) 


but the normal vector to the tangent plane and the normal vector jzr(a;) 
to the boundary of the tangent plane M(ci;) = 9]R^(ci;) are now constant. Next we 
rotate the tangent planes M^(ci;) and M^(a;) to match them with the plane and 
The normal vector fields i^{uj) will transform into iz = (0,0,1) and = 

(0, —1,0). The rotation is an isomorphism of the spaces Wp(M^(a;)) —)■ Wp(]R^), 
WNMi(a;)) —)■ WNMi), Wp(Mi(a;)) —)■ Wp(Mi) etc. and transforms the operators 


in (1.20) into the operators 


—>■ Vj —)■ dj, j = 1,2, ,1^3 —)■ 0, 

1=1 

du{ui) —t ds, —>■ —82 


and we get (1.14), (1.15), (1.16), (1.17) as a local representatives of BVP (0.2) 


For the BVP (0.2) in the non-classical setting (0.4) we get the following local 


quasi-equivalent equations and BVPs at different points of the surface a; G C: 


i. The equation (1.14) at 0 if a; G C is an inner points of the surface; 


ii. The Dirichlet BVP (1.15) in the non-classical setting (1.18) at 0 if a; G P/?; 


hi. The Neumann BVP (1.16) in the non-classical setting (1.18) at 0 if a; G Pv) 


iv. The mixed BVP (1.17) in the non-classical setting (1.19) atOifwGPDnPAr 


is one of two points of collision of different boundary conditions. 

The main conclusion of the present theorem on Fredholm properties of BVPs 


(0.2) and (1.17) follows from Proposition 1.3 and the general theorem on quasi- 


localizaion (see [H [I2l [9l [26l [3H]): The BVP (0.2), (0.4) is Fredholm if all local 
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representatives (1.14), (1.15), (1.16) and (1.17) in non-classical settings are locally 
Fredholm (i.e., are locally invertible). □ 


Now we concentrate on the model mixed BVP (1.17).To this end let ns recall 
that the fnnction 

}Ca{x) := ^ In |x| 

/TT 

is the fnndamental solntion to the Laplace’s equation in two variables 

A/Ca(x) = d(x), X G 

A = ^2 + dl = dl + dl 


( 1 . 21 ) 


From (1.21) follows the equality 

5 = A/Ca = dlKA + a^/CA, 

which we use to prove the following: 

du(x)du{y)l^^{x -y) = -dl^y-^)CA{x - y) = -6{x - y) + d\y)K:A{x - y). (1.22) 


Applying the latter equality (1.22), we represent the hypersingular operator 
V^, +1 as follows 

FR,+i</9(f) := / d^(t)du{r)lCA{t - T)(p{T)dT =-(p{t )/ a2(^)/CA(t-r)<y9(r)cir 

t/ M t/ M. 

= —(p{t) — / drlCAit — T)dr(p{T)dT, f G M, (1-23) 

Jr 

since c?£(r) = dr on M. and for the tangential differential operator di on arbitrary 
smooth contour F the following ’’partial integration” formula is valid (see [niisn]): 

j di(r)Jj{r)^p{T)da = - j 'ip{T)di(r)F{'r)d(T. 

We can dehne standard layer potential operators, the Newton, the single and the 


double layer potentials respectively (cf. (1.5)) 


N ^2 v{x)-.= — / \n\x -y\v{y)dy, 

+ 27r /ro2 


VRn(a;):=— / In |a: - r|n(r)dr, 

27 r Jr 

VFRn(a;):=-— / ^sln |(a;i,a; 2 ) - (r,?/ 2 )| n(r)cir 

271' Jr 2/2=0 


=-— / 82 In {xi - r)2 + {X 2 - 1 / 2)2 v{T)dT 

27r Jr 1/2=0 


1 f X2v{T)dT 
2vr Jr (xi -tY + xl' 
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X = {xi,X 2 Y G 


(1.24) 














The pseudodifferential operators on VFr^o, ^ro T^ir,+i, associated 

with the layer potentials (see (1.10)), acquire the form 


VR_in(t):=— / In |t - r|n(r)(ir, 

^TT Jtb 


Wu,ov{t):= lim — 


X 2 v{T)dT 


x2^o 2 tt 7r [xi — r)^ + X 2 


= 0 . = 0 , 


(1.25) 


By using the representation (1.23) we hnd the following: 

VR,+in(t) = -n(t) - 7^ [ dr\n\t - T\drv{T)dT 
27 r Jr 

= -n(t) + -^ [ — '^drV{T)dT 


2vr Jr {t - r)2 




drV{T)dT 
t — T 


t e 


and the Plemelji formulae (1.9) acquire the form 


{Wuv)^{t) = ±-v{t), 


■(aj^^VRu) ){t) = T-v{t), 


-{dy,W^v)^{t) = Vu,+iv{t) = VR,_in(t) t e 

Now we prove the following. 


Lemma 1.6 Let 1 < p < 00 , s > -. Let j? G Wp 

P 


and h? e 


be some fixed extensions of the boundary conditions gi G Wp ) and hi G 


Wp ^ {non-classical formulation (1.19)), initially defined on the parts of 

the boundary M = M“ U M’*'. 

A solution to the BVP (1.17) is represented by the formula 

u{x) = N^ 2 j{x) + LLr(j? + (p°)(x) - VM + a: G (1.26) 

(cf. (1.24) for the potential operators) and and are solutions to the system of 
pseudodifferential equations 


- r^Wm.a'P + r+Vii._i</l° = Gi 

= Hi 


on 


on 


(1.27) 


R,i’° € wy‘-'''’’(R+), Gi, R,Hi e Wy‘-‘'''’(R+), (1.28) 

where r+ and r_ are the restriction operators from the axes M to the semi- axis M"*" 
and M“. 

The system of boundary pseudodifferential equations (1.27) has a unique pair of 
solutions yP and in the classical setting p = 2, s = 1. 
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Proof: By repeating word by word the proof of Theorem 0.4, we prove the equiv¬ 


setting (1.19) and of the system (1.27). 


alence via the representation formulae (1.26) of the BVP (1.17) in the non-classical 


The existence and uniqueness of a solution to the BVP (1.17) in the classical 


setting (1.19) is stated in Proposition 1.4, while for the system (1.27) it follows from 
the proved equivalence with the BVP (1.17). □ 


Lemma 1.7 Let 1 < p < oo, s > -. 

P _ 

The system of boundary pseudodifferential equations (1.27) is locally invertible 


at 0 if and only if the system (0.13) is locally invertible at 0 in the non-classical 


setting (0.15) and the space parameters are related as follows: r = s — ^ > 0. 


Proof: Due to the equalities (1.25) = 0; = 0 the equation 

in (1.27) acquires the form 


- 1 


In \t — r|'0°(T)dr = G'i(t), 
(9^(p°)(r)dr 


t e 


t — T 


— Hi{t), t G 


Multiply both equations by 2, apply to the first equation the differentiation dt, 
replace ip := apply to the second equation the reflection = v{—t) and 

replace V’ = also under the integral. We get the following 


T{t) + -[ dtln{t + T)'il:{T)dT = ip{t)+ - [ 

^ Jr+ ^ Jr+ t t 


= 2dtG,{t) =: G{t), 


f){t) + - 


ip{T)dT 


Jr+ t + T 


= 2Hi{-t) =-. H{t), te 


and the obtained equation coincides with the system (0.13). 


To prove the local equivalence at 0 of the systems (1.27) and (0.13) note, that 
the multiplication by 2 and the reflection 


R, : WDM+) ^ 


/;(R- 


). 


R* 


-) ^ w: 




are invertible operators since R^ = I and Rf^ = i?* and, therefore, are locally 
invertible at 0. 

The differentiation 


d 


: W;(M+) ^ Wp 


r—1 /Tn) + 


), 


dt : W;( 
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is locally invertible at any finite point x G M because the operators 


dt-ii : w;;(M+) ^ W: 


r'( 


dt + il : W:(M+) ^ w: 


r—1 / 


■) 


are isomorphisms (represent Bessel potentials, see Theorem 2.1 below, [TTl Lemma 
5.1] and [25]). On the other hand, the embeddings 


ii : w:(M+) ^ w: 




il : W:(M+) ^ W: 


r'( 


are locally compact due to the Sobolev’s embedding theorem and the compact per¬ 
turbation does not infiuences the local invertibility. □ 


Proof of Theorem 0.6: By Theorem 0.4 the system (0.8) is Fredholm in the 


Sobolev-Slobodeckii space setting (0.10a) if the BVP (0.2) is Fredholm in the non- 


classical setting (0.4). On the other hand, by Lemma 1.5 the BVP (0.2) is Fredholm 


in the non-classical setting (0.4) if the BVP (1.17) is locally invertible at 0 in the non- 


classical setting (1.19). And, finally, by Lemma 1.6 and Lemma 1.7 the BVP (1.17) is 


locally invertible in the non-classical setting (1.19) if the system of boundary integral 


equations (0.13) is locally invertible at 0 in the Sobolev-Slobodeckii space setting 


(0.15). This accomplishes the proof of the first part of the assertion, concerning the 


solvability in the Sobolev-Slobodeckii space settings (0.10a) and (0.15). 


The second part of the assertion, concerning the solvability in the Bessel potential 


space settings (0.10b) and (0.16), follows from the first part and Proposition 4.3 


exposed below and proved in [191 E] , which states that these solvability properties 
are equivalent. □ 


2 Fourier convolution operators in the Bessel po¬ 
tential spaces 

To formulate the next theorem we need to introduce Fourier convolution and Bessel 
potential operators. 

For the spaces of scalar, vector and matrix functions we will use the same notation 
if this will not lead to a confusion. For example, Loo,zoc(lP) might be the space of 
locally bounded functions either scalar, but also vector or matrix valued functions; 
this will be clear from the context. 

Let a G Loo,/oc(l^) be a locally bounded m x m matrix function. The Fourier 
convolution operator (FCO) with the symbol a is defined by 

ppo ;= 

Here 

J^u{0 ■= [ e^^^u{x)dx, e e M", 

Jr" 
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is the Fourier transform and 




(2t) 


e X e 


is its inverse transform. If the operator 


fF° : e;(M) ^ 

is bounded, we say that a is an Lp-multiplier of order r and use ”Lp-multipher” if 
the order is 0. The set of all Lp-multipliers of order r (of order 0) is denoted by 
OJtp(M) (by T)Tp(M), respectively). Let 

m;iR) := fl im;(M), ^p(M) := fl im,(M). 

p—e<q<p+£ p—£<q<p+£ 


Note, that IHp(M) and nJlp(M) are independent of £ because, due to interpolation 
theorem QJlp^(M) C QJlp_(M) f)9ITp^(M) for all 1 < p_ < po < P+ < oo- 

For an Lp-multiplier of order r, a G IDTp(M), the Fourier convolution operator 
(FCO) on the semi-axis M"*" is dehned by the equality 


Wa = r+w^ : 




■) 


( 2 . 1 ) 


where r_|_ := r]R+ : IHIp(M) —> ]HIp(M+) is the restriction operator to the semi-axes 
M+. 

We did not use the parameter s G 




This is due to the fact that fhtp 


in (2.1) is bounded for some s G 


in the dehnition of the class of multipliers 
M) is independent of s: if the operator Wa 
it is bounded for all other values of s. Another 
dehnition of the multiplier class 91Tp(M) is written as follows: a G IHp(]R) if and only 
if A“'’a G QJlp(M) = IHp(]R), where A^(^) := (1 -|- This assertion is one of the 

consequences of Theorem im below. 

Consider the Bessel potential operators dehned as follows 


a; = wo. : e;(M+) ^ e;-"(M+), 

KL., = r+W0.^£ : e;(M+) ^ e;-’'(M+), (2.2) 

A^±,(0:=(e±7r, eeM, Im7>0 


for a non-negative s ^ 0. Here ^ : ]HIp(M+) —)■ IHIp(M) is some extension opera¬ 
tor. In (2.1) there is no need of any extension operator since the space ]HIp(M’'') is 
automatically embedded in IHIp(M) provided functions are extended by 0. 

For a negative s < 0 the Bessel potential operators A^.^ are dehned by the duality 
between the spaces. 
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Theorem 2.1 Let 1 < p < oo. Then: 


1. For any r, s G M, 7 G C, Im 7 > 0 the Bessel potential operators (2.2) arrange 
isomorphisms of the corresponding spaces (see miES]) and are independent 
of the choice of an extension operator I : EIp(M+) • 




2 . For any operator A : EI®(M+) —> ''(M+) of order r, the following diagram 

is commutative 

t A- ; Ar; (2.3) 

Lp(M+) Lp(M+). 


The diagram (2.3) provides an equivalent lifting of the operator A of order r 

: Lp(]R^) —)• Lp(M’'') of order 0. 


to the operator 


3. For any bounded convolution operator Wa '■ ]HIp(M+) —)■ EIp“^(M+) of order r 
and for any pair of complex numbers 71,72 such that Im 7 j > 0 , j = 1 , 2 , the 
lifted operator 


aMO ■= - 7i)''a(0(^ + 72 )^ 


(2.4) 


is again a Fourier convolution. 

In particular, the lifted operator Waf, in hp-spaces, ATfWaAf^ : Lp(M+) 
Lp(M+) has the symbol 


Remark 2.2 For any pair of multipliers a G b G the cor¬ 

responding convolution operators on the full axes and have the property 

w«ws = wsw^ = 

For the corresponding Wiener-Hopf operators on the half axis a similar equality 


WaW, = Wab 


(2.5) 


is valid if at least one of the following conditions hold: the function a(f) has an ana¬ 
lytic extension in the lower half plane or the function b(^) has an analytic extension 
in the upper half plane (see US). 

Note, that actually (2.4) is a consequence of (2.5). 
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Let M := M U {cxd} denote the one point compactification of the real axis M 

and M := M U {dzcx)}-the two point compactihcation of M. By C(M) (by C'(M), 
respectively) we denote the space of continuous functions g{x) on M which have 
the same limits at the inhnity g{—oo) = g{+oo) (limits at the inhnity might dif- 

fer g{—oo) ^ g{+oo)). By PC{R) is denoted the space of piecewise-continuous 

• • 

functions on M, having limits a{t ± 0) at all points f G M, including inhnity. 

Proposition 2.3 (Lemma 7.1, | lll] and Proposition 1.2, [Hj) Letl < p <\ 

oo, a G C'(M’'‘), b G C'(M) fl iHp(]R) and a(oo) = 6(oo) = 0. Then the operators 
ahhfe, Wbol : Lp(M+) —> Lp(M+) are eompact. 

Moreover, these operators are compact in all Bessel potential and Besov spaces, 
where they are bounded, due to the Krasnoselskij interpolation theorem for compact 
operators. 


Proposition 2.4 (Lemma 7.4, | lll] and Lemma 1.2, [TBj) Let 1 < p < oo 

and let a and b satisfy at least one of the following conditions: 


(i) a G C'(M+), b G mtp(M) n PC{R), 


(ii) a G PC{RP), b G CMpiR). 

Then the commutants [al, Wb\ are compact operators in the space Lp(M+) and also, 
due to Krasnoselskij interpolation theorem for compact operators, in all Bessel po¬ 
tential and Besov spaces, where they are hounded. 


3 Mellin convolution operators in the space 

In this section we expose auxiliary results from [19] (also see [HI [161 E]), which 
are essential for the investigation of boundary integral equations from the foregoing 
section. 

Let a{f) be a iV X iV matrix function a G ClDlp(M), continuous on the real axis 
M with the only possible jump at inhnity. Consider a Mellin convolution operator 
with the symbol a in the Bessel potential spaces 


where 


ml-.= M-0^aMy : e;(M+) ^e;(M+), sGM, 


Myv{f) := 


M-, u(t) := - 


fOO J 

rh-ii ' 










e G M, 
t G M+, 
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are the Mellin transformation and the inverse to it. 

The most important example of a Mellin convolution operator is an integral 
operator of the form 


r^n / \ / \ Cl f°° u(r) dr 

:= cou(f) + — / -^ + 

vrz r 


T — t 

with n X n matrix coefficients and n x n matrix kernel 


dr 




^lC{t)dt < oo, 0 < (3 < 1. 


(3.1) 


(3.2) 


Then is a bounded operator in the weighted Lebesgue space of vector functions 

: Lp(r,M+) — >hp{t\R+), (3.3) 


P-= 


1 + 7 


P 


1 < p < oo, —l< 7 <p — 1, 


endowed with the norm 


|M|Lp(r,M+)|| : = 


t'^\u{t)\^dt 


L-'o 


i/p 


(cf. [H]). The symbol of the operator ( 3.1[ ) is the Mellin transform of the kernel 
0/3(0 : = Co + Cl coth 71 {i/3 + 0 + 

dt 

: = Co + Cl coth TT (i/3 + 0 + / 0~*^/C(f) —, € M. 

Jo ^ 

Obviously,for p e C'o°°(M+). 

Theorem 3.1 Let 1 < p < oo and —l<7<p — 1 (or 0 ^ p ^ oo provided 
Cl = 0 in (3.1 )j. The following three properties are equivalent: 

i. Operator in (3.1)-(3.3) is Fredholm; 

a. The symbol of the operator is invertible (is elliptic) 

inf |det 0/^(01 > 0; 


Hi. The operator is invertible and the inverse operator is fHOi ■ 

Proposition 3.2 (Lemma 7.4, pT] and Lemma 1.2, |16j) Let 1 < p < oo 

and let a and b satisfy at least one of the following conditions: 
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(i) a e C'(M+), b G aJtp(M) n PC{R), 

(ii) a e PC(1+), b G C%(1). 

Then the eommutants [a/, are compact operators in the space Lp(M+) and also, 
due to Krasnoselskij interpolation theorem for compact operators, in all Bessel po¬ 
tential and Besov spaces, where they are bounded. 


Things are different in the Bessel potential spaces if compared with the Lebesgue 
spaces. Let us recall some results from [191 § 2]. Consider meromorphic functions 
in the complex plane C, vanishing at inhnity 


N 




di 


j=0 ^ 


(3.4) 


with poles at cq, ci,... G C \ {0}, complex coefficients dj G C and mj G N. 


Definition 3.3 (see 1191) We call a kernel lC{t) in ( |3.4[ ) admissible if for those 
poles Co,..., Q which belong to the positive semi-axes arg cq = ■ ■ ■ = arg Ci = 0, the 
corresponding multiplicities are one, i.e., mo = ■ ■ ■ = = 1. 


For example: The Mellin convolution operator 
1 T^~^v(T']dT 

Kffv{t) := - — -—, 0 < arg c < 27r, t G M+, v G Lp(M+) 

Jo ~ CT) 

has an admissible kernel for arbitrary m = 1 , 2 ,... ifm = 1 as soon as c is real 
arg c = 0. 


Proposition 3.4 (see |19j . Corollary 2.3, Theorem 2.4) Let 1 < p < 


oo 


and —1 < 7 < p — 1 (or 1 ^ p ^ oo provided ci = 0 m (3.1)j and IC{t) in (3.4) be 
an admissible kernel. Then the Mellin convolution 


:= cou(t) + 




u(r) 


dr 

T 


is a bounded operator in the Lebesgue space Lp(M+,C) —>■ Lp(M+,C) and, also, in 
the Bessel potential spaces : ]HIp(M+) —>■ ]HIp(]R+) for all s G M. 

The next theorem provides the lifting of the Mellin convolution operator from a 
pair of Bessel potential spaces to the Lebesgue spaces. 
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Theorem 3.5 (|19j. Theorem 4.1) Let 0 < arg c < 27i, 0 < arg 7 < vr and 
r, s G M, 1 < p < oo. Then the operator : EIp(M+) —)■ EIp(M+) is lifted 
equivalently to the operator 

:= Af^KlA-^ : Lp(M+) ^ Lp(M+), 

where 

AY = c-^KlWgs_^^^, c-^ := 

if only 0 < arg(— 07 ) < vr. 

// 0 < arg ( 07 ) < 71, choose any 70 G C such that 0 < arg 70 < vr and 0 < 
arg(—c 7 o) < tt (such a choice 0/70 is possible since c is not a real constant arg c 7 ^ 
Q). Then 


A\'^ = c-^W, 


5" 


7.—/Q 


.KlW, 


9 - 


C7o>7 


= KlW„ 


+ T, 


9 


S 

-c7o,7 




where T : Lp(]R’'') —)■ Lp(]R’'') is a compact operator. 


4 Investigation of a lifted Mellin convolution op¬ 
erator 


The results of the foregoing two sections together with results on a Banach algebra 
generated by Mellin and Fourier convolution operators (see SSI) allow the investi¬ 
gation of lifted Mellin convolution operators. For this we need to write the symbol 
of a model operator 

n 

A := d„I + : ij(K+) ^ H*(E+), (4.1) 

i=i 


where , • • •, are admissible Mellin convolution operators. 

To expose the symbol of the operator (4.1), consider the inhnite clockwise ori¬ 
ented “rectangle’" 


91 := Fi UF 2 UFJ 


UF 3 , where (cf. Figure 1) 


Fi := M X {-|-cx)}, F^ := {±C)o} x M"*", F 3 := M x {0}. 
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(oo, — CX)) 

» 


(cx), +cx) 



(0,-oo) Ts (0,+cx)) 

The domain of definition of the symbol Ap{uj) 

According to [8] the symbol Ap{oj) of the operator A is 

n 

i=i 


where 




0- ‘1' = («3. ?) 6 Ti, 

(^) ’ a; = (h,±oo)Grf, 

a; = (0 ,Oer 3 , 


9%,^,p{ooA) ■ = 


+ l /I 

- 1 -cot TT - 

2 2 i \p 


= e 


sin TT ( - + s 

nsi \P 


sinvri - 
\p 


^ —iTT(-—i£—l) -—i£—s—l 

g \ p >1 ' QP ’ 


sin7r(i -i^) 


:= < 


0 , 


—'i7r(-— 2 £—1) - —iE—s—1 

0 \p > ^ QP ’ 


, a; = (oo,0eri, 
ui = iv,±oo) e r^, 
, cj = (0,.^) e Ts, 


sin 7r(- — if) 

X Vp sy 

0 < arg c < 27r, 0 < | arg(c7)| < vr, 0 < argy < tt 

and 5 G M. 

Note, that the Mellin convolution operator 

OO 

1 f <p(r) dr 




t + T 


= mMt), m) = 


sm TT- 

\p 


(4.2) 


(4.3a) 


, e e M, 


(4.3b) 


24 















which we encounter in applications (see ( |0.13[ ) and Lemma 1.6), has a rather simple 
symbol in the Bessel potential space ]HIp(]R+): From (4.3b) follows that: 


:= 0 , 


sin7r(/3 — i^) ’ 


, sin7r(/3 — i^) ’ 


= (oo,0 e Ti, 

u = (r 7 ,±oo)) G r^, 
= (O5O ^ Ta. 


(4.4) 


The image of the function det^p(a;), a; G 94 is a closed curve in the complex 
plane (easy to check analyzing the symbol in (4.3a)-( 4.3b[ )). Hence, if the symbol is 
elliptic, i.e. if 

inf I det^Hci;)| > 0, 

the increment of the argument (l/27r) arg^p(ci;) when u ranges through 94 in the 
direction of orientation, is an integer. It is called the winding number or the index 
of the curve F := {z G C : z = det^p(a;), u G 94} and is denoted by ind det^p. 

Propositions T in exposed below, are well known and will be applied in the 
next section in the proof of main theorems. 


Proposition 4.1 ( jl9] and Theorem 5.4, 

operator 


Let 1 < p < cx), s G 


A ; H! 


■) ^ h*(e+) 


The 


(4.5) 


defined in (2.2) is Fredholm if and only if its symbol Ap{uj) defined in (4.2), (4.3a)- 
(4.3b), is elliptic. If A is Fredholm, then 

Ind A = — inddet 


The operator A in (4.5) is locally invertible at 0 if and only if its symbol Ap{uj) 
is elliptic on the set Fi only: inf^^gri I det Ap(ci;)| > 0. 


Proposition 4.2 f |19|, |8]) Let 1 < p < 00 , s G M and let A be defined by 


a G (so,si) and p G (po,Pi); where —00 < sq < si < 00 , 1 < po < pi < 00 , then A 
is Fredholm (is invertible, respectively) in the Sobolev-Slobodeckii space setting 

A : Wp(M’^)— >Wp(R'^), for all sG(so,si) and pG(po,Pi) 

and has the same index 

Ind A = —ind det A®. 


(2.2). If the operator A : ]HIp(M+) —)■ ]HIp(M+) is Fredholm (is invertible) for all 
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Proposition 4.3 (jTOl 121] ^ Let two pairs of parameter-dependent Banach spaced 
and si < s < S 2 , have intersections 53^ fl 23® dense in 23® and in 23® for 
allj = 1,2, s',s" e (si,S 2 ). 

If a linear bounded operator ^4 : 23^ —)■ 23^ is Fredholm for all s G (si,S 2 ), it 
has the same kernel and co-kernel for all values of this parameter s E (si, S 2 ). 

In particular, If A : 5B® —)■ is Fredholm for all s G (si, S 2 ) and is invertible 
for only one value sq G (si,S 2 ), it is invertible for all values of this parameter 
s G (si, S 2 ). 


5 Investigation of the boundary integral equations] 


The proof of Theorem |0.51 (see below) is based, besides Theorem |0.6[ on the following 
theorem. 

Theorem 5.1 Let 1 < p < 00 , r G M. 


The system of the boundary pseudodifferential equations (0.13) is Fredholm in 


(0.16) if and only if the condition (0.11) holds. The system (0.13) has a unique 


solution in both settings (0.15) and (0.16) if the condition (0.12) holds. 


the Sobolev-Slobodeckii space setting (0.15) and in the Bessel potential space setting 


Proof: Let us write the equation (0.13) in an operator form 


M$ = F, M : = 


$ := 


$ := 


T 


T 

i’ 


G W;(M+), 


/ 

F ;= 

F := 


K 

I 

G 

H 

G 

H 


-1 


G W;(M+), 
G e"(M+) 


(5.1a) 

(5.1b) 

(5.1c) 


and apply Proposition 4.1 


to the investigation of equation (5.1a) in the setting (5.1c). 


Due to formulae (4.3a) and (4.4) the symbol of M on Ti reads 


MAco) = 


.sin7r(S + r) 


sm TT^ 

^—irri 

sinvrS 


sinvr.^, 

.sin7r(S + r) 


sm vr; 


^^ = (oo,Oeri, (5.2) 


where S :=- i^, ^ G M, 77 G We have dropped the information about the 

p 

symbol AiAoj) on the contours Tf and Ts because, due to Theorem 


0.6 


we are 


interested only in the local invertibility of the operator M at 0. This information. 
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a; 


due to the concluding part of the Proposition |4.1[ , is contained in the symbol A4 
on the contour P i only. 

According the formula ( 5.2[ ) the symbol Adp(oo,^) is elliptic on the contour P 
if and only if 


^27rri , 


det Ad^cx),0 = 


sin^ ttI —V r — i^ \ — e 
P 


^—27vri 


sin^ TT (- 

P 


7^ 0, CJ G P1 


or, equivalently, 


sin TT —\- r — ^ e 

\P ) 

The symbol is non-elliptic if 


—47rri 


= cos dvrr — i sin 47rr for all G 


sindvrr = 0 and sin^ tt ( —hr = cos dvrr = ±1 

\P ) 

The latter equation has the following solutions 

dvrr = 2nk and sin^ n {—|— ) =1, fc = 0±l,.. 

\P 2; 


(5.3) 


because for dvrr = 2fc + 1 the equation sin^ tt ( — hr) = — 1 has no solution. Equa- 

P 


tion (5.3) decomposes into the following two equations for even and odd k\ 

TT 

r = k, sin^ — = 1 ^ r = k, p = 2, k = 0, ±1,..., 

P 

1 TT 1 

r = fcH—, cos^ — = 1 ^ r = k ^—, p = l, fc = 0, ±1,.... 

2 p 2 

Due to Proposition |4.2| the operator M in (5.1a) is Fredholm in the setting (5.1b) 
if and only if the same condition (0.11) holds. 

From ( |0.11[ ) follows that if conditions (0.12) hold, the operator M is Fredholm 
in both settings (5.1b) and (5.1c). On the other hand, for the values p = 2, r = 
—1/2, which also satisfy the conditions (0.12), the operator M is invertible (see the 
concluding assertion in Lemma 1.6). Then, due to Proposition 4.3, M is invertible 
in both settings (5.1b) and (5.1c) for all those r and p which satisfy (0.12). □ 


Proof of Theorem 0.5; The Fredholm criterion (0.11) for the system of boundary 
pseudodifferential equations (0.8) in the settings (0.10a) and (0.10b) is a direct 


consequence of Theorem 0.6 and Theorem 5.1 
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From (0.11) follows that, if conditions (0.12) hold, the operator Mq, correspond¬ 
ing to the system (0.8), is Fredholm in both settings (0.10a) and (0.10b). On the 


other hand, for the values p = 2, r = —1/2, which also satisfy the conditions (0.12), 


the operator Mq is invertible (see the concluding assertion in Theorem 0.4). Then, 


due to Proposition 4.3, Mq is invertible in both settings (0.10a) and (0.10b) for all 
those r and p which satisfy (0.12). □ 


Proof of Theorem 0.3 


Due to Theorem 0.4 and Theorem 0.5 the BVP (0.2) is 
Fredholm if the system (|0.8) in the non-classical setting (0.9) is, provided r =-s. 


P 


i.e., if the condition (0.11) holds with r =- s (cf. the condition (0.11)), which is 

- p - 


the same condition as (0.5) 


From (0.5) follows that if conditions (0.6) hold, the BVP (0.2) is Fredholm in 


the non-classical setting (0.4). On the other hand, for the values p = 2, s = 1, 


which also satisfy the conditions (0.6), the BVP (0.2) has a unique solution (see 


Theorem 0.1). Then, due to Proposition 4.3, the BVP (0.2) has a unique solution 
in the non-classical setting (0.4) for all those s and p which satisfy (0.6). □ 
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